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TCC Week 4

Maximum and comparison principles
Assume - ☐ + V satisfies ① - property
Lemma

.

If u e-0118) then uIu- e-④ (8)
u+=max{ U10} , u

-

= Max { - u , 03>-0
⇒ u = ut - u -

,
u+(×)u-1×5--0

Moreover
, Efu±) a- Ffu) .

If uive DVD) ⇒ uh , unreal
uVv=max{ uiv} , um - min {u ,v}



B

u e ca
,
uh)= sin G)¢Én_#Eo

we W42 - also not invariant war . f. truncations
weak

Lemma fMaximum principle)
Assume - ☐ + V satisfies!
Let we ②I (D) be a supersolution,
- AW + V w z o in R

G- 9- >o) 5-or some 9- e-④ (D)
*

⇒ w > 0 in D

Remark : ⇒ ! we # I > 0 !



⑧ - aw + Vw = 0 ⇒ twice>✓ ⇒ of :aeD! /d)
Take 4 := w

-

e-②I (D) .
0s (w , w) = (wt - w

-

,
w) =

= ( wt >W7-0LW
-

,
w) to

=3 Two:
To

⇒ I1W-1IE = o B



Lemma ( weak Max
. Principle in the-setting)

Assume - D + V satisfies! .

Let we tie
, (D) n LIER ,Vdx) - super see,

④ - DW + VW = 0 in D

Assume w
-

e- ②{ (D) . Then w > 0inch .

⑧ We want to test the equation by w-

⑦ ⇒ Source +SV we =o to c-HIM:p
We cannot use w

-

as a test ! Impact supp



Take④ a C? (D) - approx . sequence
for w - : Ellen) → E(w-) , Hun -w-↳→0

Set Wu : = Unt n w
- ⇒ oswusw

-

,

Wn E②I , Wu e- HI .

Wu = w
-

+ (cent - w -)
-

.

Then

Eu (w - - Wu) = Eu ( ki - w
-5) a- Ellen -w) -oo

- Wu - approx . sequence for
Év

Wn n wt = 0 ( supp Wn e Supp W
- )

O E ( W , Wn> ✓ = - (w
-

,
Wu) -o-E (w) so✓

⇒ w -
✓

= o B



Corollary ( Comparison principle)
Let we-HKoenld.de >Vdx) beasupersoe .

and V e-
. . .

be a sub sole

to - Bu + Vu = 0 in 52
.

If (w - v)
-

ED! (D) ⇒ w > ✓ in8

6. Apply Weak M.P.int/'e.e tow
- ☐ (w -v) + V(w - v) so in8 D-



Minimal and large positive solutions R > o

Assume - ☐ +V satisfies! and D= IR1E?
Lemma

.

3- unique
" finite energy

" solution Ui to
- But Vu = 0 in BE

,
u ⇒ 1- on 1×1 - R
(weak service)

⑥ Take smooth 4 : 4--1 on 1×1 - R, 4=0 in 1×1> ZR
,
4=0

•

Set - B4-1VY =F c-④ (Bri))*
⇒re .⑦

' f &•⇒
, solve - ☐v+Vu= -Find! G)

3- unique Vf that solves (*) and VFED! ↳
But then U , = 4=+4 satisfies - BU1-1VU , -0



u , in the construction of the Lemma isaMinimal
Positive solution to - ☐ + V in BÉ

Assume - Atv satisfies④
Lemma

.

F positive superset . W >0in BE

] e > 0 : we all , in BIR

← o-jjfnwe.int W > 9- w > o
R' < IXKR

"

RKIXKR"

W > { U , on 1×1 __ R ⇒ W -Ui
"
=

"
0 out/=R

⇒ 4- a.)
-

e-DL1R) }w-u.int/kR-A(W-Ui)+V(W-uDzoby Comparison
13



Lemma
.

Assume - ☐ +V satisfies_①
positive

Then ] unique /upto ascalar) sod . Uo to

- All + Vu = 0 in BE
,
u = 0 in 1×1 - R

.

4 Agmou , Th .
3.1

. 6 Remark
.
no -¢②!

Example .
V - 0
,
- D in IR1E ,N>3 .

U ,=/xp
"
is the minimal sod:-D /xp

"

-0in BE
u , (1) =L . (Ex . - u , is " finite energy

")
A

v. G) = I -1×1
"" t.EE



Example : - D in IR2 -BT

- Blog 1×1--0 in IR7E
, log 111--0

⇒ uo=eogI×I
U , =L : - BU , -0 in B?

hi =L on 1×1=1

Exercise : Prove u ,
"
e-
" ②f(Bi)

in the senex that Ui=W , -14
,
W1C-8IU

4 is like in Lemma


